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This is a historical note. In 1981 we constructed a discrete version of quantum nonlinear
Schroedinger equation. This led to our discovery of quantum determinant: it appeared in con-
struction of anti-pod (11). Later these became important in quantum groups: it describes center of
Yang-Baxter algebra. Our paper was published in Doklady Akademii Nauk vol 259, page 76 (July
l981) in Russian language.
1. Inverse scattering method is used (in classical [1, 2] and quantum cases [3]) to solve evolutionary equations of
completely integrable dynamical systems. In quantum case we shall abbreviate the method to qism. It is based
on Lax representation
∂tLn(λ) =Mn+1(λ)Ln(λ) − Ln(λ)Mn(λ) (1)
Entries of the matrices Ln(λ) and Mn(λ) are expressed in terms of dynamical variables of the lattice system
(they also depend on spectral parameter λ). The monodromy matrix T n,m(λ) = Ln(λ) . . . Lm(λ) (n ≥ m)
and transfer matrix τ(λ) = trTN,1(λ) are important for qism. Recently an effective method of construction of
action-angle variables was discovered, it is based on R-matrix. In classical case [4] it provides Poisson brackets
of matrix elements of the monodromy matrix, while in quantum case [3, 5] it gives commutation relations:
[Tc(λ)⊗, Tc(µ)] = [Tc(λ)
⊗
Tc(µ), Rc(λ, µ)] (2)
Rq(λ, µ) (Tq(λ)
⊗
Tq(µ)) = (I
⊗
Tq(µ)) (Tq(λ)
⊗
I)Rq(λ, µ) (3)
These equations lead to commutativity of transfer matrices (we use subindex c or q to distinguish classical from
quantum). Meaning that ∂µ ln τ(µ) is a generating functional of Hamiltonians for completely integrable systems.
In classical case E.K. Sklyanin proved [7] that corresponding equations of motion can be represented in the Lax
form (1). Here we prove that this is true in quantum case as well. Generating functional of the operatorsMn(λ)
is a matrix mn(λ, µ):
mn(λ, µ) = iτ
−1(µ)∂µτ(µ) − iq−1n (λ, µ)∂µqn(λ, µ)
qn(λ, µ) = tr2
(
I
⊗
TN,n(µ)
)
R−1q (λ, µ)
(
I
⊗
T n−1,1(µ)
)
i [∂µ ln τ(µ), Ln(λ)] = mn+1(λ, µ)Ln(λ) − Ln(λ)mn(λ, µ)
Here tr2 denotes trace in the second linear space of the tensor product. The proof follows from qn+1(λ, µ)Ln(λ) =
Ln(λ)qn(λ, µ) . So we proved that even in the quantum case it is sufficient to have Ln(λ) operator and R matrix
in order to apply QISM.
2. Let consider nonlinear Schroedinger equation (nS). In continuous case it has a Hamiltonian
H =
∫
dx
(
∂xψ
†∂xψ + κψ
†ψ†ψψ
)
,
{ψc(x), ψ†c(y)} = iδ(x− y),
[
ψq(x), ψ
†
q(y) = δ(x− y)
]
(4)
It is integrable both in classical [8] and quantum [3, 9] cases. Corresponding R- matrix can be called quasi-
classical
Rq = I
⊗
I − iRc, Rc = κΠ
λ− µ (5)
Here I is identical matrix 2X2 and Π is parmutation matrix.
Lattice generalization of nS has long attracted attention of the experts [12, 13]. We propose a new version of
lattice nS both in classical and quantum cases. It is distinguishing feature is that R-matrix is the same as in
2the continuous case and basic variables χ are canonical Bose fields. We start by suggesting the following Ln
operator:
Ln(λ) = −iλ∆σ3/2 + S3nI + S+n σ+ + S−n σ−,
S3 = 1 + κ
2
χ†nχn, S
+
n = −i
√
κχ†nρ
+
n , S
−
n = i
√
κρ−nχn
ρ±n = ρ
±
n (χnχ
†
n), ρ
+
n ρ
−
n = 1 +
κ
4
χ†nχn, 2σ± = σ1 ± iσ2
{χcm, χcn†} = i∆δm,n,
[
χqm, χ
q
n
†
]
= ∆δm,n (6)
Here σ are Pauli matrices. We consider repulsive case κ > 0 and put ρ+n = ρ
−
n = ρn.
3. Here we shall discuss lattice model (6) in classical case. Simple calculations lead to
T (λ)σ2T
t(λ)σ2 = d
n−m+1
c (λ)I
dc(λ) = detLn(λ) = 1 + λ
2∆2/4 (7)
This shows that at λ = ν = −2i/∆ the Ln(λ) operator turns into one dimensional projector. This makes it
possible to calculate explicitly logarithmic derivatives of τ(λ) at this point, which can be represented as a sum
of local densities:
∂nµ ln τ(λ)|λ=ν =
∑N
k=1 hk,n, (8)
hk,n = D
n ln trLk+n(ν)Lk+n−1(λk+n−1) . . . Lk(λk)Lk−1(ν)|λ.=ν
Here Dn is a differential operator. For small n it is:
D1 = ∂k =
d
dλk
, D2 = 2∂k+1∂k + ∂
2
k (9)
D3 = 6∂k+2∂k+1∂k + 6∂
2
k+2∂k+1 + 6∂k+2∂
2
k+1 − 6∂2k+2∂k − 6∂k+2∂2k + ∂3k
We use this notations to define lattice classical Hamiltonian of nS
Hc = Dc(λ) ln
[
(1 + λ/ν)−N τ(λ)
]
+ complex conjugate
Dc(λ) =
i
12κ
(
d
dλ−1
)3
(10)
The explicit expression shows that this Hamiltonian describes interaction of five nearest neighbors on the lattice.
In the continuous limit [χn = ψn∆; ψn+1−ψn = O(∆); ∆→ 0, N →∞ but N∆ = const] it goes to the correct
Hamiltonian of the continuous model (4) and Ln operator (6) turns into correct continuous Ln operator, see [8].
4. Here we construct quantum lattice nS model. Quantum analog of (7) is given by
T (λ)σ2T
t(λ+ iκ)σ2 = d
n−m+1
q (λ)I
dq(λ) = ∆
2(λ− ν)(λ − ν + iκ)/4 (11)
This defines quantum determinant:
detqT (λ) = T11(λ)T22(λ+ iκ)− T12(λ)T21(λ+ iκ) = dn−m+1q (λ)
To define Hamiltonian of the model let us add quantum correction like in [3]:
Hq =
(
Dc(λ) +
iκ
6
d
dλ−1
)
ln
[
(1 + λ/ν)
−N
τ(λ)
]
+ hermitian conjugate (12)
The model can be solved by qism [3]. The pseudo-vacuum Ω is annihilated by lattice Bose fields χnΩ = 0. The
eigenvectors are given by algebraic Bethe ansatz:
Ψ(λ1 . . . λn) = B(λ1) . . . B(λn)Ω, B(λ) = T12(λ)
These λj satisfy a system of Bethe equations:
(
1− iλj∆/2
1 + iλj∆/2
)N
=
∏
k 6=j
λj − λk − iκ
λj − λk + iκ (13)
3Corresponding eigenvalue of τ(λ) is
(
1− iλ∆
2
)N n∏
k=1
λ− λk + iκ
λ− λk +
(
1 +
iλ∆
2
)N n∏
k=1
λk − λ+ iκ
λk − λ (14)
From here we obtain energy levels [eigenvalues of the Hamiltonian]
HqΨ = (
∑n
k=1E(λk))Ψ, E(µ) = f(µ) + f(µ)
f(µ) =
(
Dc +
iκ
6
d
dλ−1
)
ln
(
µ−λ+iκ
µ−λ
)
|λ=ν
The Hamiltonian has correct continuous limit (4) and E(µ)→ µ2.
5. Quantum nS model constructed above can be considered as a generalization of XXX model with negative spin
−2/κ∆. We can rewrite the Ln operator (6) in the way similar to XXX:
LXn = −σ3Ln = iλ+ tkn ⊗ σk
Here tkn are simple linear combinations of S
k
n from (6). They form an infinite dimensional representation of
SU(2) algebra, see [14].
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